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Dedicated to Professor Yuji Ito on his 60th birthday

ABSTRACT. Using the Stone-Cech compactification 8Z of integers, we intro-
duce a free extension of an almost periodic flow. Together with some properties
of outer functions, we see that, in a certain class of ergodic Hardy spaces HP (i),
1 < p < o0, the corresponding subspaces Hg(u) are all singly generated. This
shows the existence of maximal weak-* Dirichlet algebras, different from H°
of the disc, for which the single generator problem is settled.

1. INTRODUCTION

Let 2 be a compact Hausdorff space on which the real line R acts as a topological
transformation group. This means that there is a one-parameter group {U; }+er of
homeomorphisms of Q such that (w,t) — Uyw is continuous on § x R. The pair
(Q,{Ui}1er) is referred to as a (continuous) flow and the translate Ujw of w by ¢
is denoted by w + t. In most of our discussion, each flow (Q,{U;}ier) is free in
the sense that if Ujw = w for some w in Q, then ¢ = 0. Let C(2) be the space
of all continuous complex-valued functions on 2. Then the dual space of C() is
the space of all bounded regular Borel measures on 2, which is denoted by M ().
Recall that an invariant measure in M (2) is said to be ergodic if each invariant
measurable set is either negligible or has negligible complement.

We denote by LP(R) and HP(R), 1 < p < oo, the usual Lebesgue and Hardy
spaces on R, respectively. A function ¢ in C(Q2) is analytic, if t — ¢(w + t) lies in
H>(R) for each w in Q. We denote by A(2) the space of all analytic functions in
C(Q). Then A(R) is a uniformly closed subalgebra of C(2) that contains constants.
If (2, {Ui}ier) is free, then A(Q) separates the points on €2, and A(?) is a uniform
algebra ([14, Theorem 1]). Let p be an invariant, ergodic, probability measure in
M(Q). Then p is a representing measure for A(Q), and A(f2) is a weak-* Dirichlet
algebra in L>(u) ([13, Theorem I]). The Hardy space HP(u), 1 < p < oo, denotes
the closure of A(Q) in LP(u), while H* (1) is the weak-* closure of A(2) in L (u).
Let H{ (1) be the space of all functions ¢ in H?(y) such that [, ¢du = 0. The ideal
Ap(Q2) of A(Q) is similarly defined. A closed subspace M of LP(u) is invariant if
A(Q2)-M is contained in M. When C(£2) - M is not contained in M, it is said to be
simply invariant. Of course, HP(u) and H{ (n) are simply invariant subspaces. For
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a function ¢ in LP(u), M[¢] denotes the smallest invariant subspace that contains
the function ¢. It is known that M][¢] is simply invariant if and only if

e d
(1.1) (@) (w) :z/_ log |¢p(w +t)|?tt2 > —00, pra.e. w €,

(see [9, Theorem 22]). A simply invariant subspace M is said to be singly generated
if M = M][¢] for some ¢ in M, which is called a single generator of M.
Recall that a function of modulus one is called a unitary function and an analytic

unitary function is said to be inner. A function ¢ in HP(u) is outer if it satisfies
the inequality

log

/W‘ :/10g|¢|du>—00-
Q Q

Then ¢ is a single generator of HP(u) if and only if ¢ is outer in HP(u). If the
flow is periodic, then H{ (1) is also singly generated. This is because such a flow
is conjugate to rotation on the circle and, therefore, the associated Hardy spaces
are the classical ones. However, if the flow is not periodic (and the measure is
ergodic) it has been unknown, until now, whether H{(u) can be singly generated.
In the literature, this has come to be known as the single generator problem (see
[5, Remark, p. 158], [6, Chapter VII, §7], and [9, §5.4]). The purpose of this note
is to exhibit a method for constructing a free flow (Q,{U;}+cr) together with an
invariant ergodic probability measure p such that the subspace HE(u) is singly
generated, 1 < p < oo. Our result thus settles, in a certain sense, the single
generator problem, but begs the question of whether every properly ergodic flow
has the property that the associated H{ (u1)-spaces are singly generated.

We refer the reader to [4], [6, Chapter VII], and [9] for further details of ana-
lyticity on flows and to [7] for some results about classical Hardy spaces which we
shall use.

In order to state our theorem, we need more notation and definitions. Let I" be
a dense subgroup of R, endowed with the discrete topology, and let K be the dual
group of T'. For each ¢ in R, e; denotes the element of K defined by e;(\) = e™*
for A in I'. Then the map t — e; embeds R continuously onto a dense subgroup of
K. Let us define

(1.2) Tix =x + e, r e K,

for each ¢ in R. Then the flow (K, {T;}+cr) is strictly ergodic, meaning that there
is a unique invariant probability measure in M (K'), which is the normalized Haar
measure o on K. In this situation, a function ¢ in LP(o) lies in H?(o) if and only
if its Fourier coefficients,

ax(é) = /K @) do(x),

vanish for negative X in ', where x denotes the character on K defined by x»(z) =
x(N).

The single generator problem was originally formulated in the context of HZ (o)
by H. Helson. Although we are unable to decide this particular case of the problem,
we shall see that our main result is very intimately related to it.
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Recall that a flow (Z,{Si}ier) is an extension of (K,{T;}icr) if there is a
continuous map 7 of ¥ onto K such that

(1.3) mo Si(w) =T om(w), wex,

for all t in R. Then (K,{T};}ier) is also called a factor of (X,{Si}er). If, in
particular, 7 is a homeomorphism of ¥ onto K, we say that the flows are conjugate.
Define the isometric isomorphism of C'(K) into C(X) by

(1.4) II(¢)(w) = ¢ o m(w), we X
From (1.3), it follows that II maps A(K) into A(X).

Theorem 1.1. Let ', (K,{Ti}ier), and o be as above, and let 1 < p < oo. Then
there is a free extension (X,{St}ier) of (K, {Ti}ier) under the map © of ¥ onto
K, which satisfies the following properties:

(i) There is an invariant, ergodic, probability measure p in M(X) for which
H{(p) has a single generator.

(i1) If I is the isomorphism of C(K) into C(X) defined by (1.4), then II extends
to an isometry of LP(o) into LP(u) that maps HE (o) and HP(o) to HE(u) and
HP(u), respectively.

(iii) If T is countable, then % is metrizable.

We note that (ii) enables us to regard H? (o) as a closed subspace of H?P(u) and
that the assumption of (iii) is equivalent to assuming that K is metrizable.

In the next section, we establish some notation and elementary facts which we
shall need. We develop in Section 3 a representation of almost periodic functions
on R. After preparing one lemma, the proof of Theorem 1.1 is given in Section 4.
In Section 5, we discuss some relations between Helson’s work and our result. We
close with several remarks in Section 6.

The author would like to express his sincere gratitude to the referee for his
valuable suggestions which improved the first version of this paper.

2. ANALYTICITY ON FLOWS

Let (2, {U;}ier) be a flow, and let f be a function in L'(R). Suppose that a
Borel function ¢ on 2 satisfies that ¢t — ¢(w —t) f(t) lies in L'(R) for each w in .
Then the convolution ¢ * f is defined by the Borel function

¢*f(w):/_m blw—fB)d,  weq.

Let p be an invariant, ergodic, probability measure in M (). When ¢ lies in
L'(u), ¢xf is always defined by Fubini’s theorem. Moreover, ¢x f may be considered
as a Bochner integral in L!(x). Observe that a function ¢ in LP(u) lies in HP(p)
if and only if ¢ % f = 0 for all f in H'(R), where f(t) = f(—t). Let Py (t), r > 0,
be the Poisson kernel for the upper half-plane R3 ; explicitly, Py (t) = r/m(t* 4+ 72).
We note that (1.1) may be rewritten as p(¢)(w) = (log|¢|) * P(w) > —oo, since
P;(t) is an even function.

We denote by H* (Ri) the space of all bounded analytic functions on Ri. By
Fatou’s theorem, we may identify H>(R) with H*(R?). Let ¢ be a function in
H* (). For z = u+ir in R%, we write

dlw+2)=0dw+ (utir)) = ¢* Pp(w+u), we N
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Then the function z — ¢(w + z) lies in H*(R?%) for pra.e. w € Q. We denote
by B(§) the o-algebra of all Borel subsets of Q. Let (K,{T;}ier) and o be as in
Section 1. Suppose that (2, {U;}+cr) is an extension of (K, {T;}+cr) under the
map 7w of Q onto K. Then if we set

7N (B(K)) = {r"(E); E € B(K)},
then 7~1(B(K)) is a o-subalgebra of B({2), and o induces an invariant measure &
on 71 (B(K)).

Let B(K) be a o-subalgebra of B(Q) containing 7~ !(B(K)) which is invari-
ant under the translation by {Uy}cr. Suppose that & extends to B(K), that is,
two measure algebras (r~1(B(K)),5) and (B(K),&) are isomorphic in the sense of
Boolean algebras. Then L°°(o) is identified with L> (€, B(K),5), naturally. Let 6
be a function in L*°(¢). Then 6 o 7 is said to lie in C(Q) if 6 o w differs from a
function in C(2) by a 6-null function in L>(€, B(K),5).

We next define

21 {ém = {¢ome e C(K)},

A(K) = {pom ¢ € A(K)}.

Then C(K) is a selfadjoint closed subalgebra of C(€2), which is translation-invariant,
meaning that, if ¥ is in C (K), then the translation,
Up(w) = ¥ (w + 1),

lies in C (K) again for each ¢t in R. Similarly, E(K ) is also a translation-invariant
closed subalgebra of A((2), although A(K) may not separate the points of . As
we shall see later, if the topology on 2 is appropriately strong, then there appear
functions 0 in L*°(0)\C(K) for which the functions 0 o 7 lie in C'().

It follows from the Riesz representation theorem and the Hahn-Banach theorem
that & may be extended to a probability measure in M (). In the following lemma,
we choose a suitable extension.

Lemma 2.1. Under the above assumptions, let 8 be a monnegative function in
L>®(0) such that 6 o 7 lies in C(Q). Suppose that [,.0do > 0. Then there is
an invariant, ergodic, probability measure p in M () for which

(2.2) Oomdu > 0.
Q
Proof. Since (K, {T:}ter) is strictly ergodic, the equation,

(2.3) Ad)da: ngOﬂ'dV,

holds on C'(K), for any invariant probability measure v in M (Q).
We now show that, by choosing a suitable v, (2.3) holds on C'(K) U {6}. Let

S be the subspace of C(€) generated by C(K) and {U0 o 7;t € R}. Since 6 is
in L>*(o), Uil o m lies in L>°(Q, B(K),5). Then we may define the positive linear

functional on S by

()= [vis,  ves.
Q
We remark that the inequality
[¥lle = inf{s; |[¢p(w)] < s G-ae. we N}
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holds. From the Hahn-Banach theorem, there is a probability measure A in M ()
which represents a positive extension of T to C(€). Since & is invariant on the
measurable space (2, B(K)), the positive linear functional,

Ar() = %/_i{/ﬂw(wmwcu)} dt, T,

is also an extension of Y. Observe that ||[Ar| = Ar(1) = 1. Then the Banach-
Alaoglu theorem assures the existence of an accumulation point A of {Ar; T > 0} in
the weak-* topology. We see easily that A is represented by an invariant probability
measure v in M(Q).

To find a desired ergodic measure, let K (£2) be the nonempty set of all invariant
probability measures in M (£2). Then K () is a compact convex subset of M () in
the weak-* topology. We easily see that a measure in K(2) is ergodic if and only
if it is an extreme point of K (Q) (refer to the proof of [4, Theorem 6]). Since the
above v satisfies (2.3) for 6, the Krein-Milman theorem assures the existence of an
extreme point p of K () such that (2.2) holds. O

It happens occasionally that the zero-set of 6 o m contains a nonempty closed
invariant set, on which an invariant probability measure is concentrated. This
indicates that the conclusion cannot hold for all of the ergodic measures in K ().

It follows from Wiener’s Tauberian theorem that, for a function f in L*°(R),

1 /T
a:Tlgnooﬁ/_Tf(t)dt

if and only if
a= lim fx P,.(0),

T—00

where f % P, is the convolution in the usual sense (see the proof of [15, Lemma
2.6]). Combining with the individual ergodic theorem, we thus obtain the following:

Lemma 2.2. Let u be an invariant, ergodic, probability measure in M(Q). If ¢ is
a function in L (u), then we have the equation

T —00

lim ¢ * P (w) = / odp, p-a.e. w e .
Q

From now on, we always assume that each flow we deal with has the following
special form. A discrete flow is a pair (£o,U) consisting of a compact Hausdorff
space g and a homeomorphism U of €y onto itself. Let 2 be the quotient space ob-
tained from g x [0, 1] by identifying each (y, 1) with (Uy,0). Under this condition,
the flow (9, {U;}+cr) is defined by

Ut(ya 5) = (U[t+8]yat+ §— [t + S])’ (ya 5) € Qv

where [t] denotes the largest integer not exceeding t. The flow (2, {U;}ier) is
succinctly said to be built from (g, U). We also assume that (g, U) has no periodic
points; that is, the Z-action determined by U is free. In this event, (2, {U;}+1er) is
also free.

Recall that an eigenfunction for a flow (2, {U; }+cr) with eigenvalue X is a Borel
function ¥ on §2 such that

Urh(w) = d(w + 1) = e*(w).
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A given flow has the form above if and only if there is a continuous eigenfunction
with eigenvalue 27.

Let p be an invariant, ergodic, probability measure in M (), and let mg be
Lebesgue measure on R. We denote by m; the restriction of mg to [0,1). Then

1 is represented as p = pg X my, where po is the invariant probability measure on
(Q0,U) defined by

to(A) = (A x [0, 1)), A € B(Q).

We next define the operator P of L'(Qy x R, g X mgr) onto L'(u1) by

P(f)(y,s) = Z (U ™y, s+n), (y,s) € Q.

n=—oo

Observe that P is a bounded linear operator of L'(uo x mgr) onto L!(p). Let H* be
the space of all functions f in L!(ug x mg) such that t — f(y,t) lies in H'(R) for
po-a.e. y € Q. Then we see that P(H!) is a subspace of Hg(u). In more general
settings, the operator P defined here and its properties are developed in [1]. Each
function ¢ on  has the automorphic extension ¢# to Qo x R defined by

o (y,t) = UMy, t — 1)),  (y,t) € Q x R.

Let us show that the subspace P(H') above is dense in H{ (). To see this, suppose
that 1 in L>°(u) is orthogonal to P(H!). If f lies in H'(R), then (y,t) — p(y)f(t)
lies in HI* for each p in L'(up). Then the function t — ¥ (y,t) is orthogonal to
f for po-a.e. y € Q. Since H'(R) is separable, the function ¢t — ¥#(y,t) lies in
H>(R) for pp-a.e. y € Qp. This implies that ¢ lies in H*(u), consequently
is orthogonal to H{(u). However, more is true; with the aid of the closed range
theorem, it is not difficult to show that P maps H' onto Hg (u).
The next lemma is a weak version of [6, Chapter VII, Theorem 7.8].

Lemma 2.3. Let i be an invariant, ergodic, probability measure in M (), and let
1 <p < oo. Then the following are equivalent:

(i) HY(u) has a single generator.

(ii) There is a function ¢ in H>(u) such that log|¢| does not lie in L'(u) and
the function t — ¢(w +t) is an outer function in H*(R) for p-a.e. w € Q.

Proof. (ii) implies (i). From the hypotheses of (ii), it follows that H! - ¢# is dense
in H!. Since P(H')- ¢ is dense in P(H'), so is H(p) - ¢ in H} (1) by the preceding
remark. On the other hand, since log|¢| is not summable, Szegd’s theorem shows
that ¢ lies in H}(u). Then A(Q) - ¢ is dense in Hg(p). Since A() is a weak-*
Dirichlet algebra in L>(u), it is known that Hg(p) N LP(u) = HE (1), 1 < p < oo,
(see [19]). So ¢ is a single generator of H (u).

(i) emplies (ii). Suppose that Hf (1) is generated by one element ¢ of H{ (u). By
Szegd’s theorem, there is an outer function ¢ in H®(u) with || = min(1,|¢|~1).
So we may assume that ¢ lies in H5®(u) by replacing ¢ with ¢ - ¢. Since H}(u) is
the closure of HY (1) in L*(u), HE(u) is also singly generated by ¢.

Let go(t) be an inner function in H>(R). Regarding go as a function in H>(R2),
we assume that 0 < qo(i) < 1. It is easy to choose an r with 0 < 7 < 1 such that
2—1(qo+qy ") (i) = 0. Then the positive function f(t) = {2 —r(qo+q)(t)}/(1+1)
in L!(R) is orthogonal to g - H*(R)).
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Let ¢7 (y, t) be the automorphic extension of ¢ to Qo x R. Since ¢ lies in H$®(u),
we obtain the inequality

/ log |6# (3, 1)|

— 00

dt Q
H—t2 > —00, pp-a.e. y € ilp.
We notice that log |¢* (y,t)| is pp x mr-measurable on Q x R. It follows from the
formula for outer functions that there is a function h(y,t) in L% (uo X mr) such
that |¢7 (y,t)| = |h(y,t)| and such that t — h(y,t) is outer in H>®(R), for pg-a.e.
y € Qo. Let us define the unitary function ¢ in L>(ug x mg) by

a(y,t) = 6% (y,1) -h~'(y, 1), (y,1) € U x R.
We then extend g to Qg x Ri by

o0
a.2) =alut+in) = [ alynt = )P (s)ds.
—0o0
We claim that ¢ — ¢(y,t) is constant for ug-a.e. y € Qy. Assuming the contrary,
the ergodicity implies that |q(y,t+14)| < 1 for po x mr-a.e. (y,t) € Q@ xR. It follows
from Fubini’s theorem and the uniqueness theorem of analytic functions that if we
fix a suitable ¢, then 0 < |g(y,t + )] < 1 on a subset Ey of Qo with uo(Ep) > 0.
Together with the above observation, we easily construct a nonnegative function
g(y,t) in L'(pg x mg) for which ¢# - g(y,t) lies in H'. If uo(Ep) is sufficiently
small, then the nonnegative function w = P(g) is not constant. Since ¢ - w is in
H} (1), ¢ cannot be a single generator of H}(u). This is a contradiction.
It is a consequence of Szegd’s theorem that log |¢| cannot lie in L*(p). O

We add a remark on the condition (ii) of Lemma 2.3. Suppose that a function
¢ in H>(u) satisfies that ¢t — ¢(w +1¢) is outer in H*(R) for p-a.e. w € Q. By the
definition of outer function and Lemma 2.2, each of the following properties implies
the others:

(a) log |¢| does not lie in L!(u).

(b) fQ ¢dp = 0.

(¢) lim; o0 @ % Pyr(w) =0, p-a.e. w € Q.

We now construct a flow which plays an important role in what follows. Let 5Z
be the Stone-Cech compactification of the group Z of integers. The shift operator
Sy of Z is defined by Syn = n+ 1. Then Sy induces naturally an isometric isomor-
phism of £°°(Z) onto itself, where ¢°°(Z) is the algebra of all bounded sequences
on Z. Since 8Z is the maximal ideal space of £°(Z), it follows from the Banach-
Stone theorem [3, Chapter IV, 6.26] that Sy extends to a homeomorphism S of 5Z
onto itself. Then the pair (6Z,S) makes a discrete flow; thus we obtain the flow
(X, {St}ter) built from (5Z, S).

Let X be the quotient space obtained from Z x [0, 1] by identifying each (n,1)
with (n + 1,0). Since Z is dense in 8Z, so is Xy in X. We also see that R is
homeomorphic to Xy via the map ¢ — ([t], ¢ — [t]). Let Cpy(R) be the space of all
bounded uniformly continuous functions on R. Since X is compact, each function
in C(X) determines uniquely a function in Cp,(R), by restricting it to Xo.

The converse also holds (compare with [18, Lemma 2.1]).

Lemma 2.4. Let f be a function in Cpy(R). Then f extends uniquely to a function
U(f) in C(X), and the map ¥ is an equivariant, isometric, isomorphism of Cp, (R)
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onto C(X) satisfying the equation
(2.4) W(Chu(R) N H(R)) = A(X).

Proof. We may regard f as a function on Xo. If we fix an s in [0,1), then the
sequence {f(n,s)} belongs to £>°(Z). So the function n — f(n,s) extends to a
function y — ¥(f)(y, s) in C(GZ). Since X is identified with SZ x [0, 1), we obtain
a function ¥(f)(y,s) on X. We have to show that ¥(f)(y, s) is continuous on X.
Let ¥#(f)(y,t) be the automorphic extension of ¥(f)(y, s) to BZ x R.. Since f(t) is
uniformly continuous on R, the family {t — U(f)#(y,t);y € BZ} is equicontinuous
on R. This implies that W(f)(y,t) is continuous on BZ x R; so ¥(f) lies in C(X).

Since ¥(f) equals f on the dense subset Xy, ¥(f) is uniquely determined and
satisfies the equality || (f)|lco = ||f]lco. In view of the preceding remark, we see
that ¥ is an equivariant, isometric, isomorphism of Cy, (R) onto C(X). Observe
that U(f * g) = ¥(f) * g for each g in L*(R). From this, (2.4) follows easily. =~ [

The interest in the flow (X, {S:}ier) lies in the fact that each outer function in
Cpu(R) N H**(R) extends to a function in A(X) with similar properties.

3. REPRESENTATION OF ALMOST PERIODIC FUNCTIONS

Let T, es, (K,{Tt}ter), and o be as in Section 1. There is no loss of generality
in assuming that I' contains 27, and K, denotes the closed subgroup of K of
all z such that yor(x) = 1. We define the homeomorphism T of Ka, onto itself
by T(y) = y + e1. Then (K,{T;}+er) is represented as the flow built from the
discrete flow (Ka.,T). Let og be the normalized Haar measure on K3,. Then o is
represented as o = og X my.

Let Br(R) denote the space of all uniformly almost periodic functions with
exponents in I'. Then Br(R) is a selfadjoint closed subalgebra of Cp, (R). We fix
a point p in K. If ¢ is in C(K), then ¢ — ¢(p + t) lies in Br(R). Conversely,
each function in Br(R) is obtained in this way. From Lemma 2.4, it follows that
U(Br(R)) is also a selfadjoint closed subalgebra of C'(X), which does not separate
the points of X. Since Br(R) is translation-invariant and W is equivariant, it follows
that U(Br(R)) is invariant under the group {S;}+cr.

Define the isometric isomorphism IT,, of C'(K') onto ¥(Br(R)) by

(3.1) ¢ =¥(o(p+1),  ¢eCK).
We then see the equation
IL,(Ty¢) = Si(I1,¢), teR.
By the Banach-Stone theorem, there is a continuous map , of X onto K such that
II,¢ = ¢ o, and
(3.2) T} o mp(w) = mp 0 Sy(w), we X.
Thus (X, {St}ter) is an extension of (K, {T};}+cr) under the map m,. By (2.1), the
map 7, induces 7, 1 (B(K)), C(K), and A(K). We then observe that

p

{5<K> = I1,(C(K)) = ¥(Br(R)),

(3:3) A(K) = I, (A(K)) = (Br(R) N H=(R)).

Let 6 be the probability measure on the o-algebra 7, ' (B(K)) defined by
5(E) = o(mp(E)), E€m, (B(K)),
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as before. Then L>(o) is identified with L (X, 7, *(B(K)),5) via the map ¢ —
@ omy,.
If ¢ is a function in C(K), then

({wilpp(w) < s}) = o({z;6(x) <s}), seR.

In order to extend the relation to suitable functions in L*°(c), we introduce a
certain o-subalgebra B(K) of B(X) containing 7, ' (B(K)). Let J be a subset of Z.
The density «a(J) of J is defined by

. 1 - ,
a(J) = limsup 1 Z xJ(7),

n—oo 21
j=-n

where x; denotes the characteristic function of J. Since the closure cl[J] of J in
BZ is an open and closed set in SZ (see [20]), cl[J] x [0,1) is an element of B(X).
Let {Ji} be a decreasing sequence of subsets of Z such that a(J;) — 0. Define

A = (Cl[Jk]\Jk) X [0, 1)7

(3.4) 4 pay A
14

Since Jj, is open in 8Z, A lies also in B(X). If each Jj is infinite, then A is not
empty by the finite intersection property. We denote by D the collection of all such
sets A in B(X). If {A(™} is a sequence in D, then |J2°, A™ is contained in some
element of D.

Let D denote the collection of all B in B(X) where B is a subset of an element
of D. Then D is closed under countable unions and translations by {St}ier. We
denote by B(K) the o-subalgebra generated by 7, (B(K)) and D. Then E lies in
B(K) if and only if there is an E; in 7, ' (B(K)) such that EAE) lies in D, where
EAE; is the symmetric difference of £ and F;. We may extend & to g(K ) by
6(FE) = 6(E1). Indeed, let F be a compact set in K with o(F) > 0, and let A be
an element of D. Then the Borel set L(F)\ A is never empty, and this makes sense
to extend & to g(K) Suppose that ¢ is a function in C(K) such that 0 < ¢ < 1
on K, while ¢ = 1 on F. Since K is completely regular, F' is an intersection of
»~1({1}) of such functions ¢. Recall that (K, {T}}icr) is strictly ergodic. Then,
for a fixed point p in K, we see that

1T
Tlgréoﬁ/_Tqb(p+t)dt > o(F) > 0.
Let {Jx} and {Ax} be as in (3.4). Since a(Jy) — 0, if we choose a large k,
then {w;II,¢(w) = 1}\Ag is not empty for all ¢. From this and the compactness
of X, it follows easily that 7, L(F)\A is not empty. Since the measure algebras
(B(K),5) and (m,'(B(K)),5) are isomorphic in the sense of Boolean algebras,
L>=(X,B(K),5) is isometrically isomorphic to L> (o).

We next consider a suitable subspace of L>(¢) to which (3.1) may be extended.
Let L (o) be the space of all functions v in L>(o) such that ¢t — ¢(z + ) lies in
Cyu(R) for o-a.e. z € K. Then the equation IT,3) = U(y)(p+1t)) in (3.1) is defined
for each p outside a o-null set in K. Observe that if ¢ is in L>°(o), then ¢ x Py,
r >0, lies in Ly (o).
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Let € > 0. For a function ¢ in Ly (o), there is a 6 > 0 for which the invariant
set,

H(e)—{xEK; sup |1/J(x+t)—1/z(x+s)|§6},
[t—s|<6

has positive o-measure. Since o is ergodic, we obtain o(H (¢)) = 1. By choosing
an invariant o-null set Ny, containing (J,-; H (1), the family {t — ¢(z + t);2 €
K\Np} in Cy,(R) is equicontinuous and uniformly bounded on R. This implies
that

(3.5) lim {Sup|z/J(x+t) —z/J*Pir(x—i-t)|} =0
teR

r—0
holds uniformly on the invariant set K\ Np.

Lemma 3.1. Let ¢ be a function in Ly (o). Then there is an invariant o-null set
N, depending on ¢, such that, if we fix a point p in K\N, then IL,¢ belongs to
C(X)NL>®(X,B(K),5) and satisfies the equations

(3.6) IyY(w) =vomp(w), &-ae weX,

and

(3.7) /anwd&:/Kwda.

Proof. We first claim that there is a sequence {¢;} in C(K) with ||@;]lcc < [|#]oc
such that

(3.8) lim { sup |¢;j(z+1t) —Y(x —|—t)|} =0, x € K\Ny,

j—oo 0<t<1

where Nj is an invariant o-null set. Indeed, suppose that {¢} is a sequence in
C(K) with ||Yk]lco < [|¥]lco such that

kli_{gO Yi(x) =Y(x), oc-ae zekK.
By Fubini’s theorem, we see that
kli}ngo Yr(x+s) =v(x+s), mpr-ae s€R,
for o-a.e. x € K. Since

sup Pi.(s —t) < CP;-(s)
0<t<1

for some constant C' > 0, this implies
lim { sup |1/Jk*Pir(x—i—t)—w*Pir(x—i—tﬂ}:0, r > 0.
k—oo | 0<t<1
Observe that this also converges in probability. Let {r(j)} be a decreasing sequence

such that r(j) — 0. By setting ¢; = 9); * P;,(;) for some subsequence {1} of {11},
(3.8) follows from (3.5).
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For a given € > 0, we set

E(n) = {x € K; sup |¢j(z) — dr(z)] < 5}

Jk=2n
) {z € K;1¢;(x) — dn(w)] < e}

7 k>n

Then the sequence {E(n)} of closed sets is increasing and satisfies
lim o(E(n)) =1,

since {¢;(z)} converges for o-a.e. x € K. For a fixed point p in K, we then define

M {we X;|L6;(w) — pdr(w)| < e

J,k>n

Since |¢; — @ | lies in C(K), we observe E(n) = m, ' (E(n)). This shows that E1(n)
lies in E(K) and 6(F1(n)) = o(E(n)). Since lim,,—,o, c(F(n)\N1) = 1, it follows
from (3.8) that there is a subsequence {ny} of {n} and an increasing sequence
{W(k)} of compact sets in Ky, such that E(ng)\N; contains W (k) x [0,1) and
o(W(k) x [0,1)) > 1 —27F. By virtue of the individual ergodic theorem, we find

an invariant o-null set Ny such that, if the point p lies in K\ Na, then
T

.1 _k
(3.9) Jim o » Xw (k) x[o,1) (P + 1) dt > 1 =277,
for k =1,2,.... Recall that p is written as (g, s) in Kar x [0,1). We then define

that
Je={n€Ziq+n¢ Wk}
and let {Ax} and A be as in (3.4). Since the density a(Ji) satisfies the inequality

a(Jp) < 27 by (3.9), the set A4 is a &-null set in B(K) by the definition of &. If
we choose a point p in K\ (N7 U Na), then

sup [y (w) —Ipej(w)[ <&,  w € Ei(ng)\Ap.

JZng
Indeed, when p + ¢ is in W (k) x [0, 1), we see by (3.8) the inequality

sup lb(p+1t) —¢j(p+t) <e.
JZnk

Since {E(ny)} is increasing and { A} is decreasing, we obtain

LJ(Z%—nk \Ak <LJ Eh nk >\\<rW'Ak>'

So the left-side set lies in B(K) and its &-measure is 1. Since € > 0 is arbitrary,
there is an invariant o-null set IV, containing N7 U N3, such that, for a fixed p in
K\N,

(3.10) lim II,¢;(w) = Y (w), &-ae weX.
J— 00
Therefore, I1,% belongs to C(X) N L=®(X, B(K), 7).
On the other hand, since II,¢;(w) = ¢; o mp(w) on X and
lim ¢;(z) =9¢(x), o-ae z€K,
j—oo
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(3.6) follows from (3.10), and (3.7) is an immediate consequence of (3.6). O

4. EXTENSION OF (K, {T:}:cr)

It is known that H°(c) contains a nonnull function ¢ for which log |¢| is not
summable. Recall that the equation in (1.1) is represented as p(¢)(z) = (log |¢|) *
P;(x). Since ¢ is analytic, it satisfies automatically that p(¢)(z) > —oo on K (see
[9, Chapter 3, §3 and §4]). We deal with the moduli of such analytic functions.

Let W be the family of all nonnegative functions w in L° (o) such that logw
does not lie in L!(o), while p(w)(x) > —oc for o-a.e. z € K. For a function w in
W and for an r > 0, we define

(4.1) wy(z) = exp{(logw) * P;(x)}.
It then follows from Fubini’s theorem that w, lies in W°. Observe the inequality
0 < wp(x) < ||w||eo on K. We now show w, satisfies the hypothesis of Lemma 3.1,
that is, w, lies in L{2(0). Indeed, if we take an x outside a o-null set, then there
is an outer function h, in H*°(R) such that |h,(¢)| = w(z +¢) on R. Since h, is
bounded on R, the function ¢t — hy, * P;,-(t) lies in Cy(R) N H*(R). From the
property of outer functions in H*°(R), we see that
|he # Pir(t)| = exp{(log w) x Pir(z + 1)} = wy(x +1).

So w, is an element of Ly° (o). Of course, we may show this fact directly.

It follows from Lemma 2.4 that U(h, x P, ) lies in A(X). Moreover, we see that

\I’(hm*Pzr)*st:\I’(hm*Pz(r—&-s))a 5>07
since ¥ is isometric and Pj(, 1) = P % Ps. Since w41 as well as w;. lies in L (o)
Lemma 3.1 implies that, if we fix a point p outside an invariant o-null set N, then
| (hp * Pir)(w)| = wr 0 mp(w),
W (

(4.2)
o * Prra)(@)] = 0s1) 0 1y ),

for 5-a.e. w € X. We note that W(h,* P;.) itself may not belong to L> (X, B(K), 5),
although |¥(h, * P;,)| lies in L™ (X, B(K),5) by Lemma 3.1. Since w, lies in W™,
we see that |U(hp* P;,)| > 0 for 5-a.e. w € X. However, the zero-set of |¥(h, * P;,.)|
always contains a nonempty closed invariant set in B(X). This follows from the
fact that p(|¥(h, * Pi)|)(wy) may tend to —oo for some sequence {wy, } in X.

Fix an r > 0, and define the function v, in A(X) by

(4.3) Up(w) = W (hy * Pir)(w), we X.
By (4.1) and (4.2), we see that
[¢p * Pi(w)| = [U(hp * Piry1)) ()]
= W(r1) © Tp(w)
= exp{(logw, o mp) * P;(w)}
= exp{(log [¢)p|) * Pi(w)}

for 5-a.e. w € X. Since log|y, * Pi(w)| = log|wp| * P;(w), this shows that ¢ —
p(w + t) is an outer function in H*°(R) outside an invariant 5-null set.
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Lemma 4.1. Let 1, be the function in A(X) defined by (4.3). Then there is an
invariant o-null set N in B(K) such that, for each w in X\N, the function t —
Yp(w + 1) is an outer function in H>*(R) and satisfies the equation

(4.4) lim v, * Pis(w) = 0.

Proof. Tt suffices to show that (4.4) holds for 5-a.e. w € X. Forn = 1,2,...,
let w(™ = max(w,1/n). Since logw™ is in L'(c), Szegd’s theorem assures the
existence of an outer function ¢(™ in H* (o) such that |¢(™| = w(™. Since logw
does not lie in L'(o), the Fourier coefficient,

(@) = [ 6 do = [ 6™ sy do
K K

tends to 0 as n — oo. Indeed, by the property of outer functions, we see that
log |ag(¢™| = / logw™ do
K

diverges to —oo. Furthermore, Lemma 2.2 shows that
lim (¢)(”) x Py) * Pig(x) = ao(gb(")), o-a.e. T € K.

Let N be the invariant o-null set for which (4.2) holds. By modifying N, if
necessary, Lemma 3.1 shows that, if we take a point p in K\ N, then (4.3) is defined
and
(4.5) lim I1,(¢™ % Py,.) * Pig(w) = ao(¢™), é-ae. we X,
forn=1,2,....

On the other hand, since w(z) < w(™ (z) and

(@™ # Piy) % Pis(z)| = exp{(logw ™) # Py Py ()},
we see that
[Vp * Pis(w)] < [p(¢™) % Pry) # Pis (w)].
By (4.5), this yields the inequality
limsup |1, * Pis ()| < |ao(¢™)], G-ae. we X,

§— 00

from which (4.4) follows. O

Let us introduce an auxiliary function 6 in L° (o) such that the above 1, is
well-behaved on the support of II,0. Recall that K and o may be regarded as
Ko, x [0,1) and o x my, respectively.

By Egorofl’s theorem, there is a compact subset F' of K with o(F) > 0 on which
(4.4) converges uniformly as s — oo. Observe that

/ |Pis(t — u) — Pig(t + u)| dt = 3aurctaun (E> .
o S s
This ensures that F' may have the form Fy x [1/3,2/3] for a compact subset Fy of
Ko, with Uo(F()) > 0.

Let w, be the function defined by (4.1). We may also assume that w, is contin-
uous on F' = Fy x [1/3,2/3] and

(4.6) p(w,.)(x) > m, x € F,
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for a constant m > —oo. Indeed, let {s,} be a countable dense set in [1/3,2/3]. Ap-
plying Lusin’s theorem, we make y — w,(y, $,) continuous on Fy, forn =1,2,....
Since w, lies in LgS (o), we regard {s — w,(y,s);y € Fo} as an equicontinuous
family on [1/3,2/3], by the remark preceding Lemma 3.1. Then w, satisfies the
desired properties on F' = Fy x [1/3,2/3]. Moreover, we assume that w11y is also
continuous on F' and satisfies (4.6) with r replaced by (r + 1).

Let u be a continuous function on [0,1) such that u(s) > 0 on (1/3,2/3) and
u(s) = 0 otherwise. Define the function 6 in L*°(¢) by

(47) e(ya 5) = XFo (y) ) U(S)a (yv 5) € Kor X [Oa 1)

Then 6 lies in L° (o). There is an invariant o-null set Ny such that the conclusion
of Lemma 3.1 holds simultaneously for 6, w,, and ¢(™ x P, in (4.5), whenever a
point p in K\ Ny is fixed. Then II,0 is a function in C'(X) with compact support
F = Fy x [1/3,2/3], where Fp is an open and closed set in 3Z (see [20]). We see
easily that 6(F) = o(F) > 0 and 7, (F) is contained in F. From this, it follows that
the function 1, given by (4.3) satisfies the conclusion of Lemma 4.1 on F without
exception, that is, for each w in F', t — ¢,(w + t) is an outer function in H>(R)
and lim,_, oo ¥p * Pis(w) = 0.

We now offer a proof of Theorem 1.1 stated in Section 1.

Proof of Theorem 1.1. Let § and Ny be as in the above. Fix a p in K\ Ny, and let
1p be the function in A(X) given by (4.3). By Lemma 3.1, the function II,6 in

C(X) satisfies
/ Hpﬂd&:/ 6 do > 0.
b's K

From (3.6), Lemma 2.1 ensures the existence of an invariant, ergodic, probability
measure p in M(X) such that

(4.8) / IL,0 dp > 0.
X

Recall that II,0 is supported on the compact set F= 130 x [1/3,2/3] in X. Then

(4.8) implies that u(F) > 0. Define the invariant set £ in X by
E=|J{F+t:teR} =] Su(F),

teR

which is open in X. Since p is ergodic, we see that pu(E) = 1. Together with the
preceding remark, we obtain that, for p-ae. w € X, t — ¢p(w + t) is an outer
function in H*°(R) and

lim ¢, * Pis(w) = 0.

§— 00

Let HP(X,u), 1 < p < oo, denote the Hardy space on (X, {S;}+cr) relative to
the above measure p (refer to Section 1). Then HE (X, 1) has a single generator v,
by Lemma 2.3.

The space HP(X, ) is very large, much larger often than is necessary. To obtain
a smaller example of a space H{(u) that is singly generated, we take a suitable
factor of (X, {S;}+er) constructed as follows. Let C(K) and A(K) be as in (3.3).

We then denote by Cy the selfadjoint closed subalgebra of C'(X) generated by C'(K)
and {Sip, Stip;t € Q}, where Q is the field of rational numbers. Let ¥ be the
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maximal ideal space of Cy. Then Cj is isometrically isomorphic to C(X) by the
Gelfand-Naimark theorem. Since Cj is invariant under the translations by {S; }+er,
a one-parameter group of homeomorphisms on ¥ is induced, and we denote it again
by {St}ter. Then the flow (X, {S:}icr) is obtained as a factor of (X, {S:}ier).
Indeed, ¥ is the quotient of X by the relation ~, where w ~ v if and only if
d(w) = @(v) for all ¢ in Cy. Let 7 be the quotient map of X onto 3. Then
(2,{S:}+er) is a factor of (X, {S;}+er) under the map 7.

Since C(K) is a closed subalgebra of Cpy, we see similarly that (3, {S }er) is an
extension of (K, {T;}+cr) under the map

m(w) =1, 07 H(w), we .

We regard p as an invariant, ergodic, probability measure in M (X). Let H?(u) be

the Hardy space on (X, {S:}1er) relative to this measure p. Then, by regarding v,

as a function on ¥, Lemma 2.3 shows that H} (u) is generated by one element 1,,.
Let II be the isomorphism of C'(K) into C'(X) defined by (1.4). Since

/Zﬂqbdu:/Ksde, b€ C(K),

IT extends to an isometry of LP(o) into LP(u), naturally. From this, (ii) follows
readily.

When T is countable, the algebra Cj is separable. Since ¥ is compact, this shows
that ¥ is metrizable; thus (iii) holds.

This completes the proof. O

5. REFINEMENTS USING HELSON’S DEVICE

As we mentioned earlier, it is not known whether H{'(o) has a single generator.
Using cocycles on (K, {T;}+er ), Helson explored the problem in [9] and [10]. Com-
bining his arguments with our Theorem 1.1, we are able to obtain information on
the structure of generators of H{(u).

Let (2, {U:}1er) be a flow, and let v be an invariant, ergodic, probability measure
in M(€Q). A unitary Borel function A(w,t) on Q x R is a (multiplicative) cocycle if
A satisfies the cocycle identity

Alw,t+ ) = A(w,t) - A(w + t,5), (w,s,t) e 2 xR xR.

We identify any two cocycles which differ only on a set of v X mg-measure zero. A
cocycle is a (multiplicative) coboundary if it has the form ¢(w) - ¢p(w + t) for some
unitary function ¢ on K. If a cocycle is a coboundary multiplied by exp iat for
some « in R, then such a cocycle is said to be (multiplicatively) trivial.

Let u(w, t) be a real Borel function on 2 x R. If u satisfies the identity
uw(w,t+8) = u(w, t) + u(w + t, s), (w,s,t) e A xR xR,

then u is called an additive cocycle. When u has the form v(w +t) — v(w) for some
real Borel function v on 2, w is called an additive coboundary. We say that u is
additively trivial, if u is an additive coboundary plus at for some « in R.

Let w, be the function in L°(o) given by (4.1). By using the notation in
Section 4, the function w, o m, on X satisfies (1.1) for p-a.e. w € X. Then the
conjugate function of ¢ — logw, o m,(w + t) becomes an additive cocycle u(w,t) on
X x R, by suitable normalization. From the proof Theorem 1.1, we see that there
is a single generator 1(® of HY(X,u) such that |¢(®)| = (w, o m,)*, 0 < a < 1.
This shows that expiau(w,t) is a coboundary for all « in R.
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Nevertheless, as in the proof of [10, Theorem 1], we may show that u cannot be
additively trivial, unless log w, o, belongs to L!(1). Thus we obtain the following:

Proposition 5.1. In the setting of LP(u), the cocycle expiau(w,t) on X x R is
always a coboundary for each o in R, although u(w,t) cannot be additively trivial.

This suggests that the theorems in [8] and [12] heavily depend on the separability
condition.

Furthermore, [10, Theorem 2] yields that (2, {S;}:er) may not be conjugate to
(K,{T:}+er) under ordinary circumstances. Precisely, let ¢ be a single generator
of Hf (1), and let ¢ = ¢/|¢|. We identify LP(o) with a subspace of LP(u) by part
(ii) of Theorem 1.1. Then the unitary part ¢ of ¢ may not usually belong to L?(c),
since |¢| always lies in LP(o) in our construction. We, however, may make the
unitary part of a generator lie in L>(o).

Proposition 5.2. There is a single generator ¢ of Hy (u) of which the unitary part
o/|@| lies in L (o).

Proof. Let 1 be a single generator of HJ (1) such that |¢| lies in LP(o). It follows
from [9, Theorem 23] that there is a function ; in H?(c) for which |¢1| = [¢].
Observe that the unitary function ¥ = v /4 lies in H*(u). If we set

¢ =11 - (14 Re ),
then ¢ satisfies the desired properties. O

Incidentally, by virtue of [16], we may describe the structure of (X, {S;}ier) in
detail. On the other hand, a single generator of H3(u) has a Fourier expansion in
the sense of Hilbert space. These facts should be useful to decide whether there
can be a single generator in HZ (o). The author conjectures that this should be
possible, under suitable assumptions on T'.

6. REMARKS

(a) Let (Q,{Ui}ter) be a minimal flow, meaning that each orbit is dense in
Q. Suppose that v is an invariant, ergodic, probability measure in M (). The
argument found in the proof of [6, Chapter VII, Theorem 9.4] works on minimal
flows and establishes a weak version of Arens’s theorem: If a nonzero function ¢ is
in A(Q), then log|@| lies in L'(v).

Let (X,{St}ter) and p be as in Theorem 1.1. Then (%, {S;:}icr) cannot be
minimal, because the single generator v, of Hf(x) in the proof is continuous on X,
while log|1,| is not summable by Szegd’s theorem.

(b) Suppose that I' is countable. By part (iii) of Theorem 1.1, the measure space
(3, i) is a standard Borel probability space. Then [2] asserts that the ergodic flow
defined by (X, {St}ier) and p is conjugate to a strictly ergodic flow (Y, {Vi}ier).
Thus we obtain the following:

Proposition 6.1. There is a strictly ergodic flow (Y,{Vi}ier) on which HE(v),
1 < p < o0, has a single generator, where v is the unique invartant probability
measure in M(Y).

This enables us to strengthen the conclusion of Theorem 1.1 substantially. Since
I" contains 27, we may assume that a continuous eigenfunction with eigenvalue 27
exists on (Y, {V;i}ier). This implies that (Y, {Vi}ier) is built from a discrete flow.
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So a repetition of the argument in Section 3 leads to the fact that (X, {S;}ier) is
also an extension of (Y, {V;}+cr) under a continuous map 7 of X onto Y.

Proposition 6.2. Let (X,{St}ier) be the flow introduced in Section 2, and let
be any invariant, ergodic, probability measure in M(X). Then H{(N) has a single
generator.

Proof. Since (Y, {V;}+er) is strictly ergodic, we see that

/gbOﬂ'd)\ /gbdu 6 e CY).

Then the map ¢ — ¢on induces an isometry of L?(v) into LP(\). By this isometry,
we may regard H{'(v) as a subspace of H{(\). We recall that H{'(v) has a single
generator. Therefore, it follows from Lemma 2.3 that Hf()) is singly generated. O
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